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Do not write 
outside the  

box Answer all questions in the spaces provided. 

 
1   A plane transformation is represented by the matrix 

 

=  
 
 

25 8
3t

M   

 
where  t  is a constant. 
 
The eigenvalues of M  are 27 and 1 

 

1 (a)  Find the value of  t  
[2 marks]  

 

  

  

  

  

 
t =  

 
 

1 
 
(b) 

 
An eigenvector corresponding to the eigenvalue 27 is  

  

4
1

  

 

An eigenvector corresponding to the eigenvalue 1 is 
– 
 
 

1
3

 

 
 

1 (b) (i) State the equations of the invariant lines of the transformation. 
  [1 mark] 

  

 
Answer  and  

 
 

1 (b) (ii) State, with a brief reason, which one of the invariant lines found in part (b)(i) is also a 
line of invariant points. 

[2 marks] 
  

  

 

 
5 
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box 2 
  

Evaluate the improper integral 
 

( ) –

–
+ e dxx x

∞

∫ 2

1
1  

 
showing the limiting process used. 

 [6 marks]  
 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 
Answer  

  

 
6 
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Do not write 
outside the  

box 3 (a) 
 

By direct expansion, or otherwise, show that 
 

+

–
= –k k k

k

2
3 1 1
5 3

2 1 2
  

 [2 marks]  
 

  

  

  

 
3 (b)  A set of three planes is given by the system of equations 

 

( )

+ =
+ + = +

–+

–

+ + =

3 11
5 3 9

2 2 2

x y z
x ky z k

k x y z
 

 
where  k  is a real constant. 

 
3 (b) (i) Determine the number of solutions of the given system of equations when  k = 1 

  [3 marks] 
  

  

  

  

  

  

  

  

 
Answer  

 
3 (b) (ii) Hence give a geometrical interpretation of the significance of the result in part (b)(i) in 

relation to the three planes when  k = 1 
  [1 mark] 

  

  
 
6 
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Do not write 
outside the  

box 

 
 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 

Answer 
 

  

4   Find the general solution of the differential equation 
 

( )d + tanh = cosh + e
d

2 2 xy x y x
x

  

[7 marks] 

 
7 
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Do not write 
outside the  

box  5 
  

The cubic equation 
 

4z3 + cz2 + dz – 12 = 0 
 
where  c  and  d  are real numbers, has complex roots α  and  β   and a real root  γ 
 
It is given that  = i–3 3α   

 
 

5 (a) (i) Write down the value of  β   
 [1 mark]  

 

 
β =  

 
 

5 (a) (ii) Find the value of  γ 
 [2 marks]  

 

  

  

 
γ =  

 
 

5 (a) (iii) Find the value of  c  and the value of  d 
 [3 marks]  

 

  

  

  

  

  

  

  

  

 
c =  d =  
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Do not write 
outside the  

box 5 (b) (i) Express  i–3 3   in the form  ier   where r > 0  and  –π < θ ≤ π 
 [2 marks]  

 

  

  

 
Answer  

 

5 (b) (ii) Given that  n  is a positive integer, express +n nα β  as a single trigonometric term. 
 [4 marks]  

 

  

  

  

  

  

  

  

 

Answer 
 

 

5 (b) (iii) Hence find the complete set of positive integer values of  n  for which 

+ = 0n nα β  
 [2 marks]  

 

  

  

  

  

 
Answer  

 

 
14 
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Do not write 
outside the  

box   6 (a) (i) Use the method of differences to show that 

 
( )( )

–=
+ + +

n

r r r n
=
∑

1

1 1 1
2 3 3 3

  

[4 marks] 
  

  

  

  

  

  

  

  

  

  

  

  

 
 

  6 (a) (ii) Prove by induction that, for all integers  n ≥ 1 

( )( )( ) ( )( )
–

+ + + + +

n

r r r r n n
=

=∑
1

2 1 1
1 2 3 6 2 3

 

[4 marks] 
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outside the  

box 

  

  

  

  

  

  

  

 
 

  6 (b)  Using the results in part (a) show that 

( )( )( )
( )

( )( )
+

=
+ + + + +

n

r

r n n a
r r r b n c n d

=
∑

1 1 2 3
 

 
where  a, b, c  and  d  are integers.   

[3 marks] 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  
 
11 
 



10 
 

*10* 
IB/G/Jan21/FM03 

 

Do not write 
outside the  

box 7 
  

It is given that  y  satisfies the differential equation 

–d d+ + = e +
dd

2
3

2 6 9 9 18xy y y
xx

 

 

7 (a)  Find the values of the constants a and b for which 
 

–e +2 3xax b  
 

is a particular integral of this differential equation. 
[5 marks]  

 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 
a =  b =  
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Do not write 
outside the  

box 7 (b) 
 

Hence solve the differential equation, expressing  y  in terms of  x   

given that  y = 3  and  
d =
d

0
y
x

 when  x = 0 

 [6 marks]  
 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 
y =  

  

 
11 
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Do not write 
outside the  

box   8 (a)   The non-singular matrix 
–
–

–

+
=
 
 
 
  

2 1 2
4 2

1 3 0

k
kM  

where  k  is an integer. 
 

Find  –1M   in terms of  k 
 [6 marks]  

 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 

Answer 
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Do not write 
outside the  

box 8 (b) 
 

The 3×3 matrix  A  represents a rotation through an angle of 90° about the  z-axis. 
 
Write down the matrix  A−1 

 [2 marks] 
  

  

  

  

  

 
 

 
Answer  

 
 
 
 

Turn over for the next question 
 
 
  

 
8 
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Do not write 
outside the  

box 9 (a)  Given that 

tan
–

= +1
1

xy
x

   and  x ≠ 1 

show that 

           
d =
d + 2

1
1

y
x x

 

 [3 marks]  
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Do not write 
outside the  

box 

 
 
 
 
 

Turn over for the next question  

9 (b) 
 

Hence, by expressing  –

–
+tan  

 
 

1 1
1

x
x

  in terms of  tan−1x   describe the single geometrical 

transformation by which the graph of 
 

–= tan 1y x   where  x < 1 

 
can be transformed onto the graph of 
 

– += tan
–

 
 
 

1 1
1

xy
x

  where  x < 1 

 [4 marks]  
 

  

  

  

  

  

  

  

  

  

  

  
 
7 
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Do not write 
outside the  

box 10   A curve has Cartesian equation 

= + sinh21 0.5 2y x  
 
The arc of the curve from  x = 0  to  x = 0.5  is rotated through  2π  radians about 
the  x-axis. 

 
 

10 (a)  Show that  S,  the area of the curved surface generated, is given by 

( )π= + cosh cosh  d∫
0.5

0
3 4 4

2
S x x x   

 [6 marks]  
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Do not write 
outside the  

box 10 (b)  Hence find the exact value of  S  leaving your answer in terms of hyperbolic functions. 
[3 marks]  

 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 
Answer  

 
 
 

 
Turn over for the next question 

 
 
  

 
9 
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Do not write 
outside the  

box 11   
The line  L  has equation 
 

=– –×
     
     
                 

3 01
0 2 0
2 6 0

r  

 
 
11 (a)  Find the direction cosines of  L 

[3 marks]  
 

  

  

  

  

 
Answer  

 

11 (b)  The plane  Π   has equation 
 

–
=

 
 
 
  

1
2 37
2

r  

 
The point  A  has coordinates ( −2, 2, −4) 

 

11 (b) (i) Verify that  A  lies on the line  L  but does not lie on the plane  Π  
[2 marks]  
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Do not write 
outside the  

box  11 (b) (ii) The point  D  is the image of  A  after reflection in the plane  Π  

Find the coordinates of  D  
[5 marks] 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 
Answer  

  

 
10 
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Do not write 
outside the  

box 12 
  

The diagram shows a sketch of a curve  C1, the pole  O  and the initial line. 

The curve  C1  intersects the initial line at the point  D  
 

 
 

The polar equation of  C1  is   ( )= tan– sec23r   where  – π π
≤ ≤

3 3
  

 

12 (a)  Show that the area of the region bounded by the curve  C1  is  
24 3

5
 

 [5 marks] 
   
 

 

  

  

  

  

  

  

  

  

  

  

  



21 

*21* 

Turn over ► 
 

IB/G/Jan21/FM03 

 

Do not write 
outside the  

box 12 (b)  A circle  C2  has Cartesian equation  + =2 2 8x y   
 

12 (b) (i) By forming and solving a cubic equation, prove that  C1  and  C2  only intersect at two 
points,  A  and  B, and find the Cartesian coordinates of  A  and  B 

[5 marks]  
 

  

  

  

  

  

  

  

  

  

  

  

 
Answer  

 

12 (b) (ii) Find the area of the region bounded by the arc  ADB  of  C1  and the minor arc  AB  of 
the circle  C2  giving your answer in an exact form. 

[3 marks]  
 

  

  

  

  

  

  

 
Answer  

  

 
13 
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Do not write 
outside the  

box 13   A curve  C  has equation  –= sinh 1y x  
 

13 (a)  Sketch the curve  C  on the axes below. 
[2 marks] 

 
 

13 (b)  Prove that 

( )–d = +
d

1
2 21

y x
x

 

[3 marks]  
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Do not write 
outside the  

box 13 (c)  It is given that for  <x 1  the first three non-zero terms in the Maclaurin series expansion 

in ascending powers of  x  of  –sinh 1x   are 

x + ax3 + bx5 

 Show that  –= 1
6

a   and find the value of  b 

 [4 marks]  
 

 
 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 
b =  

 
 

Question 13 continues on the next page 
  



24 
 

*24* 
IB/G/Jan21/FM03 

 

Do not write 
outside the  

box 13 (d)  Hence show that  

( )

––
–

sinh
lim

cosx

x x x
x→

 
 
  

2 1

20 1 3
 

exists and find its value. 
[4 marks]  

 
 

 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 

Answer 
 

 
 

 

END  OF  QUESTIONS
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There are no questions printed on this page 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

DO  NOT  WRITE  ON  THIS  PAGE 
ANSWER  IN  THE  SPACES  PROVIDED 
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Question 
number 

Additional page, if required. 
Write the question numbers in the left-hand margin. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 

 
 



27 
 

*27* 

 

IB/G/Jan21/FM03 

 

Do not write 
outside the  

box 
 

Question 
number 

Additional page, if required. 
Write the question numbers in the left-hand margin. 
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Question 
number 

Additional page, if required. 
Write the question numbers in the left-hand margin. 
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